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Evaluation

e Basically Exam.
e I consider reports.
e I consider class attendance.



Fist Report 2

e Tell me your school background (including experience on
control engineering).

e Introduce your research topics.

e VWhat you want to learn from this class.



Linear Time-Invariant Systems

e Linear time-invariant (LTI) systems

— EXxpression, Definition, Behavior
e Phase-plane analysis

— Vector field diagram

— Examples (Real eigenvalues)

— Diagonalization

— MATLAB codes

— Examples (Real eigenvalues)

— Examples (Duplicate eigenvalues)

— Examples (Complex eigenvalues)
e Nonlinear systems



Linear Time-Invariant Systems

e Linear Time Invariant Systems

(1) = Ax(t) + Bu(t)
y(t) = Cz(t) + Du(t)

where A, B,C, D are constant matrices.

— State z(t) expresses the system condition

— Input u(¢) drives the system

— Output y(¢) is the output of the system
e Modes:

Autonomous: i(t) = Az(t) —  z(t) = ez (0)
Drive: #(t) = Bu(t) — a(t) = / Bu(t)dt

and C, D are the coefficients of these modes.



Linear Time-Invariant Systems 5

Suppose an input u1(t) generates an output y1(¢), also an input
uo(t) generates an output yo(t).

e Linearity: The system is linear if and only if

aui(t) + bus(t) generates ayq(t) + by (t)

e Time-Invariant: The system is time invariant if and only
if, the following is true Vr

us(t) = u1(t — 1) generates y>(t) = y1(t — 7)



Behavior of LTI systems 6

e Autonomous mode:
i :Bl(t)
x(t) = Ax(t), x(t) =
(t) = Ax(t) (t) [@(t)]
e Trajectory: The solution z(t) of the differential equation
with a initial condition

x1(0)
x(0) =
(0) [m2<o> ]
is called a trajectory from z(0).
e Phase Plane: The trajectory expressed in x1—xz> plane.



Linear Time-Invariant Systems

e Linear time-invariant (LTI) systems

— EXxpression, Definition, Behavior
e Phase-plane analysis

— Vector field diagram

— Examples (Real eigenvalues)

— Diagonalization

— MATLAB codes

— Examples (Real eigenvalues)

— Examples (Duplicate eigenvalues)

— Examples (Complex eigenvalues)
e Nonlinear systems



Vector Field Diagram 8

To each point x in the phase plane we can assign a vector
with amplitude and direction of

r = Ax.

For easy visualization we can represent x as a vector based
at x, i.e., we assign to x the directed line segment from «
to xz + Ax.

Repeating this operation at every point in the plane, we
obtain a vector field diagram.



LTI Systems: Example 9

e Consider the system
[:i:1<t>]:[—1 3 ”m(t)]
o (t) 0 —2 || zo(t)
e Diagonalize:

21 (t) + 3z2(¢) ] _ [ -1 0 ] [wl(t) + 3z2(1) ]

o () 0 -2 z2(1)
o Let 21(t) = x1(t) + 3zo(t) and 2-(t) = z1(¢), then we have
@) = —za() | 21(t) = z21(0)e”
z2o(t) = —22o(t) 22(t) = 22(0)e” %



Phase-Plane Analysis of LTI Systems

e The trajectory from (z1(0),x5(0)) is:
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LTI Systems and Eigenvalues 11

e Second-order LTI system:

i = Az, AeR?*?

where R2X2 denotes a set of 2 x 2 matrices with real entries.
e The solution with initial condition x(0)

1
z(t) = eMz(0), At = I—|—A—|—§A2 4.
e Eigenvalues \q, Ao, Eigenvectors vq, vo:
Av1 = Avy, Aovp = Avy, TD = AT

where

T:[’Ul 02}, D:T_lAT:!Al O]



Linear Time-Invariant Systems
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e Linear time-invariant (LTI) systems

— EXxpression, Definition, Behavior
e Phase-plane analysis

— Vector field diagram

— Examples (Real eigenvalues)

— Diagonalization

— MATLAB codes

— Examples (Real eigenvalues)

— Examples (Duplicate eigenvalues)

— Examples (Complex eigenvalues)
e Nonlinear systems



13

=T YA =T71AT2 = D>

=71

T—1z, then we have the diagonalized system
z

Diagonalization

o Let 2
..,

21(t) = 21(0)e?
20(t) = 22(0)e?!

A121,

21

A222,

2D

POSOSNNN N
N N N N N Y
™SS ™S NN NN
I U N N NN
e N N T T
| e N N . T N
e e T T NEE NN
N
e .
L
Lo
Lo e
= s/
V==~ 7 7 7/ /
V7= =777/ 7/ /
V777777 7/ /
V777777 /7 / /
L7r s s st

I A S
A
/A S S e
/AN AN AV AV ey e
NSV AV Ay ey e S wa
/S S i ]
S i ]
f v ]
e e e
[ S S S
[ ——
[NEENENGENEE NN
[NENENENE N NS S N
NONON N N RIS
NONONN NN RS
AN N N NN SN
AV W NN N NN NN
AR NN NN

0.8
0.6
041
0.2

02 |
04 f
06 |
-08 |

0.5

-05

A1 =-—-1, A

—2



Phase-Plane Analysis of LTI Systems

e The trajectory is x(t) = v121(t) + vozo ()
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Example 1 15

e Consider the system
jjl(t) . -1 3 a:l(t)
:i32(t) R 0O -2 xQ(t)
e Eigenvalues, Eigenvectors
| -1 0O 1 -1 1 _ |11 3
b= S| =5 A =53

z(t) = Tz(t) = TeP'T12(0) = [ e: 3(6_2__25_2t) ] z(0)

>> [T, Dl=eig(A,’nobalance’)
>> inv(T)



Example I: Commands to obtain vector field i6

%» QUIVER(X,Y,U,V) plots velocity vectors as arrows with

% components (u,v) at the points (x,y).

[x, y]= meshgrid(-1:0.1:1, -1:0.1:1);
px=-x+3%*y;

py=-2%y;
quiver (x,y,px,py) ;

%» And trajectory starting from (x10, x20)

t=0:0.1:10; x10=1; x20=1;
plot (x10*exp(-t)+x20*3* (exp(-t)-exp(-2*t)),
x20*exp (-2%t), ’go-") ;



Example I: Commands to obtain vector field 17

[x, y]= meshgrid(-1:0.1:1, -1:0.1:1);
pxX=-X+3*y;

Py==2*y;

quiver (x,y,px,py);

hold on;

% [T,Y] = solver(odefun,tspan,y0) integrates the system of
%» differential equations for tspan=[t0 tf] with initial

%» conditions yO

[t,xx]=0de45(@func_d,[0 10],[1;1]);
plot(xx(:,1),xx(:,2),’go-);

7%, function definition
function dx = func_d(t, x)

dx = [-x(1)+3*x(2); -2*x(2)];
end
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Linear Time-Invariant Systems
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e Linear time-invariant (LTI) systems

— EXxpression, Definition, Behavior
e Phase-plane analysis

— Vector field diagram

— Examples (Real eigenvalues)

— Diagonalization

— MATLAB codes

— Examples (Real eigenvalues)

— Examples (Duplicate eigenvalues)

— Examples (Complex eigenvalues)
e Nonlinear systems



Example II
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e Consider the system

e Eigenvalues, Eigenvectors

o[58

x(t) = Tz(t) = TeP'T12(0)



Example II
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Example II
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Example III

23

e Consider the system

=10 2]

e Eigenvalues, Eigenvectors
| -1 0 11
=53] T=lon

2(t) = T2(t) = TeP'T12(0) = [

O

e—t _e—t_|_€2t
0 th

1 [1 =1

] x(0)
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i1zable 1

Diagonal

LTI Systems
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LTI Systems: Diagonalizable 11
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LTI Systems: Diagonalizable III
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Linear Time-Invariant Systems
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e Linear time-invariant (LTI) systems

— EXxpression, Definition, Behavior
e Phase-plane analysis

— Vector field diagram

— Examples (Real eigenvalues)

— Diagonalization

— MATLAB codes

— Examples (Real eigenvalues)

— Examples (Duplicate eigenvalues)

— Examples (Complex eigenvalues)
e Nonlinear systems



LTI Systems: Nondiagonalizable 29

e For duplicated eigenvalues, we have the Jordan form

1 I B R |
SR P

e Consider the system (Eigenvalues: A\{ = A\ = —2)

[fbl(t)]: [—2 1 ] [xl(t)]
zo(t) 0 —2 || z2(t)

r1(0) = —221(0) + x2(0)

21(0)e™ 2t + 25(0)te 2t (check!)
25(0)e 2

x1(t)
xo(t)



LTI Systems: Nondiagonalizable
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LTI Systems: Complex Conjugate 31

e If the eigenvalues of the matrix A are complex conjugate,
A2 = ax 7B, we can have

T—lAT:Q:[g —(f]

for real  and 2.
e [ hus the transformed system has the form

az1 — Pz
Bz1 + azp

z1

22



LTI Systems: Complex Conjugate 32

e Polar coordinates:

P
0

2 2 -
\/Z1 + 25 z1 = az1 — B2
_ z !
tan—1 (—2> zo = Pz1+ azo
<1

e System in polar coordinate:

5

dtané
dt

1 1
= (22121 + 22022) = ap
2, .2
2 \/21 &)

— 2120 B(2% 4+ 23)
= >

2
<1 <1

(14 tan29)f = 2221

B(=7 +25) _

2
2 2

B



LTI Systems: Complex Conjugate 33

e System in polar coordinate:

5
0

ap
B

e p increases exponentially, decreases exponentially or stays
constant depending the real part a of the eigenvalues A1 5.

e [ he phase angle increases linearly with a velocity £, imagi-
naly part of the eigenvalues Aq 5.

e \When o > 0O, the trajectories diverge: unstable focus.

e When a < 0, the trajectories converge toward the origin:
stable focus.

e When a = 0, the trajectories make closed ellipses.



Complex Conjugate: Example I 34

e Consider the following system:

58]=[2 P[5 namosw

r2(t) 1 0 r2(1)
_ _ |0 V3 14| 0O V3
z(t) = Tz(t), T_ll 0 ] TlAT_[\@ g ]
p = 0, pt)=p(0) = a1(0)2 + x2(0)?,
0 = /3, e(t)zf3t+9(0):\/§t+tan—1x28;
x]
z1(t) = —V3z(t) = —Vv3p(0)sin(6(t))
ro(t) = 21(t) = p(0) cos(0(t))



Complex Conjugate: Example I
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Complex Conjugate: Example II 36

e Consider the following system:
z1 | | 056 —1 T1 . :
)= 2] [n]. meoss,

p = 05p, p(t)=p0)e"3 p0)= \/331(0)2 + 25(0)?,

.o _ _ _1 22(0)

0 =~ 6()=t+6(0) =t+tan ! 2
z1(t) = p(0)e’>" cos(8(t))
zo(t) = p(0)e?>tsin(8(t))
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Example II

Complex Conjugate
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Summary of LTI Systems
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Eigenvalues

Equilibrium point

A1,2 real and negative

A1,2 real and positive

>\1,2 real, opposite signs

>\1,2 complex woth negative real part
A1,2 complex woth positive real part
A1,2 imaginary

stable node
unstable node
saddle

stable focus
unstable focus
center




Linear Time-Invariant Systems
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e Linear time-invariant (LTI) systems

— EXxpression, Definition, Behavior
e Phase-plane analysis

— Vector field diagram

— Examples (Real eigenvalues)

— Diagonalization

— MATLAB codes

— Examples (Real eigenvalues)

— Examples (Duplicate eigenvalues)

— Examples (Complex eigenvalues)
e Nonlinear systems



Nonlinear Systems 40

e System: A set of first-order ordinary differential equations

'jj — f(ﬂ?,t,’UJ)
y = h(z,t,u)
i.e.,
x.]. — fl(:cla'":wnataula"'aup)
x.n — ffn/(x]_,...,mn,t,'UI]_,...,'U,p)
Yyi — ]’L]_(.CU]_,...,CBn,t,’UJ]_,...,’UJp)
Ym — hm(ﬂ?l,...,xn,t,u:]_,...,'U,p)



Example 1 41

e Consider the following system where r is a parameter.

T =r4

1. If r < O, the system has two equilibrium points z = +./7.

2. If »r = 0, both of the equilibrium points collapse, the
equilibrium point is x = 0.

3. If » > 0, then the system has no equilibrium points.



Example 11 42

e Consider the system
T = COS<x

1. The points where x = 0 are equilibrium points.
2. Whenever z > 0, the trajectories move to the right, and
vice versa.




Second-Order Systems: Phase-Plane 43

e Consider the system

1 = fi1(z1,22)
o = fa(z1,72)
e [ he solution of the differential equation with a initial con-
dition zg = [z10, x20] is called a trajectory from xg.

e The trajectory presented in z1—x> plane is called phase-
plane.

e f(x) in

Tr =

1 | _ | fi(z) | _
T2 ] o [ fo(x) ] = /@)

is called a vector field.



Vector Field Diagram 44

e TO each point z* in the plane we can assign a vector with
amplitude and direction of f(x™*).

e For easy visualization we can represent f(x) as a vector
based at z, i.e., we assign to x the directed line segment
from z to z + f(x).

e Repeating this operation at every point in the plane, we
obtain a vector field diagram.
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Vector Field Diagram

e Consider the system
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EXxercises 46

e Find a nonlinear system in your research field and derive a
state equation (a set of nonlinear first-order ordinary dif-
ferential equations):

z= f(x,t,u), vy =h(x)



