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Linearization



Example: Pendulum with friction

e Dynamical equation:

mll + mgsind 4+ bl = 0

e State variables: 1 = 6,2, =6

r1 = x>

. g . b

ro = ——SINx1 ——xo
[ m

e Equilibrium points:

[a?l] = [m] n=0,+1,+2, ...
o 0




Linearization

e System

e Around [z1,zo] = [0,0]%

He

T1 = X2
. g _. b
rp = ——SINx1 ——X)
[ m
Of1 Of1;
9f2 9Of2 r2] |-

- 8%1 8.:82 4 lz=[0,0]"

e Eigenvalues of A:

b
s(s+2)+2 =0, stable
m [



Linearization

e System
r1 = X9
. g . b
ro = ——SINx1 ——xo
[ m
e Around [z1,z5] = [m,0]%
-0f1 0f1
[dzll L 8:1:1 (9:132 [331] . [O
T2 df2 0f2 T 7

-83:‘1 3372 4 lg=[m,0]
e Eigenvalues of A:

b
s(s+—) — J — O, wunstable
m [



Robot Kinematics



Robot System

\/

Endtip Position:

T

l1 cosf1 + l>cos(01 + 6>)
Yy = ll sin 91 -+ lQ Siﬂ(@l -+ (92)

Let the endtip position » = (x,y)
be the output (what we want to
control).

Let the joint angle 8 = (61,65) be
the state (the variable sufficient
to describe the system status).
Suppose that the motor driver is
velocity control, i.e., the input is

=l =l



Robot Kinematics 8

e State
o=
g, 0
(z,y) e Input
H
u = .
0>
e Output
¥
T =
Y

\

e Kinematics

[1 cosf1 + l>cos(01 + 6>)
[1sinf1 4+ I> Siﬂ(91 + 92)

S
|

S
|



Robot State Equation 9

e State equation (kKinematic nonlinearity):
0 = u
r = g(0)
where

g(0) = H =

Y
e Dynamical equation:

[1 cosbfq + l>cos(61 + 6>)
[1sinf81 4+ o Sin(91 —+ (92)

—ll sin 9191 — l2 sin(91 —I— 92)(91 —I— 92)
[1c0s 0101 + lp cos(01 4 02) (61 + 02)

SIS
|

l.e.,

-

—l1sinf1 — > Siﬂ(91 —|—92) —lo Siﬂ(@l —|—92) Uq
[1 cosf1 + I» COS(91 —+ 92) > COS(91 —+ 92) u-



Input-Output Dynamics

10

e Input-Output (u-r) dynamics

r = J(0)u,
where

- Ox ox -

: dg 0601 00>

=60 and JO)=— =

“ (0) 00 oy Oy

L 901 905 -
e The matrix J(0) is called Jacobi matrix.
J(Q) _ —l1sin 64 —lQSin(Ql —|—92) —l25iﬂ(91—|—92)

[1 cosfq + l>cos(61 + 6>) [>cos(61 + 65)



Robot Control



Robot Control 12

e How to control?

e [ he objective is
r = [x] — Tl — [xd]
(7] Yd

e Let K be a gain matrix and suppose the following velocity
control law

u= K(rg—r)

where
. 0 k k
uZQZH, K:[u 12].
0> ko1 koo
e How to choose K7



Closed Loop System 13

e Closed loop equation:
r=J(0)0 = JO)K(rg—1)
e A typical choice for K is AJ~1, which yields
= J0)0=2J(0)J O (rg—1) = Arg—r1)

o Let s=1r—ry; then we have a linearized system

and thus



RMRC with Lyapunov 14

e The control law K = \J~1(0), i.e.,
0 =X\J1(O)(ry—r)

is called resolved motion rate control. (Whitney, 1969)
e Consider the following Lyapunov function candidate:

V=_(~y— ’I“)T(’I“d —7r)>0
e [ hen we have the derivative as follows
—2(rg — T)T’i“
—2(ry —r)' J(6)6

—2(rqg — )T IO K (rg — 1)
—2(rqg =) (rg—7) <0

e V=0and V=0 if and only if r = rj.

v



RMRC with Lyapunov 15

e Theorem 3.2 Let £ = 0 be an equilibrium point of x =
f(x), f : D — R" and let V : D — R be a continuously
differentiable function such that
(i) V(0) =0,

(i) V(z) >0 in D —{0}

(iii) V(z) <0 in D —{0},

then z = 0 is asymptotically stable.

e When K = J(0)~1, we have V(s) > 0 and V(s) < 0 for
s=r—ry7% 0 while V(0) =0 and V(0) = 0.
e Thus RMRC is asymptotically stable in lyapunov’s sense.



Robot Control: J;* 16

e Even if the state dependent feedback gain is not possible,
we can select

K = AJd_l where Jd_1 =inv(J(8,;)) (const.)
where 6, is the desired joint angle set that satisfies
rqg = f(64)
e T his choice
u = )\Jd_l(rd —r)

ensures that

—2(ryg— )Y J(O)K(rg—7)
—2A(rg — I I (rg—7) <0

around 6 = 6, because J(O)Jd_1 =1 at 6 =4,.

v



Robot Control: J! 17

e The stability is yielded by the positive definiteness of J(0)K
around 6 = 0,.
e Another choice

u = )\Jép(rd —7)
can also ensures that

—2(rqg =) IO K (rg —7)
—2A(rg — )L I I (rg—1r) <0

v

around 6§ = 0, because J(G)JdT is positive definite at 0 = 6.



Robot Control: ESM 18

e Efficient second order minimization
1 _
u = AE(J(Q) +J) (g — 1)

o Josm = %(J(@) + J;) can approximate the Taylor expansion
of r; — r to the second order.

—2(rqg =)' J(O)K (rqg— )
—2A(rg — )1 J(0)Jodn(rg— 1) <O

v

around 6 = 6, because J(0)Joam = I at 6 = 6,.



Example



Example 20

Jj e Suppose that [y =i, =1

e r;=[0,1]1 and ro = [1,1]%

e At the desired position the Ja-
cobi matrix is

I [—1 —1/2 ]
d= | g V32|
and
. -1 [—1 1/\/§]
x d 1 0 —2/V3



Example: RMRC
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081

061

04r

0.2}

1.2

e RMRC yeilds
a straight line
trajectory

A YO (rg—T)
r = XNrg—r)

.
[

97.19,
417.98

NN
2R
|



Example: Jrjl
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1.4

1.2

0.8

06

04r

0.2r

-0.2

-0.5

\

e J;=J(0;) (const.)

0 = )\Jd_l(rd —7r)

Y Aby
S A6y

102.41,
413.28
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Example: J!

23

1.4
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06

04r

0.2r
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e J;=J(0;) (const.)

0 = )\Jg(rd—r)

Y Aby
S A6y
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Example: ESM 24

,
0.8t
o Jesm = (J(O)+J(0y))/2
0o6r
04}
o S AG, = 84.33,
S Af, = 401.02
ol
-0.2

-0.2 0 0.2 0.4 0.6 0.8 1 1.2



Example: RMRC 25

08r | e RMRC yeilds
a straight line
trajectory

A YO (rg—T)
r = XNrg—r)

.
[

95.33,
415.82

NN
2R
|
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Example: J,

1.6

1.4r

e e J;=J(0,) (const.)
n

ol 0=XJ; (rg—r)
087 > A6 = 111.53,
04t ZA@Q = 390.55
0.2 /

. . .

1 1.5 2



Example: J!
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1.6

1.4

121

08r
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04r
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e J;=J(0;) (const.)

6 = )\Jg(rd—r)

Y A6

116.79,
391.83



Example: ESM 28

121

1

o Jesm = (J(0)+J(07))/2

08F
0.6+ 0 = )\Je_slm (Td — )
.l Y Af; = 84.33,
02t ZAQQ = 365.12

0
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Example: RMRC 29

|
sl | e RMRC yeilds

| a straight line
oer | trajectory
T 0 = AN (rg— 1)
0.2r r = XNrg—r)
0

» A6; = 3.57,

02 S A6, = 30858




Example: Jrjl

30

121

08r

06

04r

0.2r

| e J;=J(08;) (const.)
| 0 =X (rg—1)

Y Ab
S Aby

3.75,
298.35
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Example: J! 31

1.2

e J;=J(0;) (const.)

08r

6 = )\Jg(rd—r)

Y Aby
S Aby

14.39,
286.80




Example: ESM
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08r

06

04r
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o Jesm = (J(0)+J(07))/2

S A6
S Av,

0.00,
270.15

0 0.2

0.4

0.6

0.8

1.2

1.4

1.6

1.8



MATLAB Simulation Code
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method=’4";

global 11; global 12;

11=1; 12=1;

q0=[0;pi/8]; rO0=kin(qO0); Jac0=Jac(q0) ;
rd=[1;1]; qd=invkin(rd,q0); Jacd=Jac(qd);

t=0:0.1:20; dg=zeros(length(t),2);
hold off; clf;
switch method
case 1’
K=inv(Jacd) ;
dg=twolinksim(qO,rd,K,t,’JT’);
case ’2’
K=Jacd’;



dg=twolinksim(qO0,rd,K,t,’JT’);
case ’3’
K=[1;
dg=twolinksim(qO0,rd,K,t,’Ji’);
case 4’
K=Jacd;
dg=twolinksim(qO,rd,K,t,’esm’);
otherwise
sprintf (’no mthod defined: %s’, method);
end
sum (abs (dq) )



MATLAB Simulation Code

35

function dg=twolinksim(qO,rd,K,t,method)
global 11;
global 12;

switch method
case ’Ji’
[~,dq]l=0de45(@rob0,t,q0, []1,rd,K);
case ’esm’
[~,dq]l=0de45(@robl,t,q0, [],rd,K);
otherwise
[~,dql=o0de45(@rob,t,q0, [1,rd,K) ;
end
x1=11*cos(dq(:,1));
x2=x1+12*cos(dq(:,1)+dq(:,2));



y1=11*sin(dq(:,1));
y2=y1+12*sin(dq(:,1)+dq(:,2));
hold on
N=length(dq(:,1));
for i = 1:2:N
plot([0,x1(i)],[0,y1(i)]);
plot ([x1(i),x2(i)], [y1(i),y2(i)]1);
end

end



MATLAB Simulation Code

37

function dg=rob(t,q,rd,K)
r=kin(q) ;
dg=K* (rd-r) ;

end

function dg=rob0(t,q,rd,K)
r=kin(q);
Ja=Jac(q);
dg=Ja\ (rd-r);

end

function dg=robil(t,q,rd,K)
r=kin(q) ;
Ja=Jac(q);
dg=(K+Ja)\ (rd-r)/2;

end



Robot Dynamics 38

e It is well know that robot system in general has the dynam-
ical equation of the form

M(0)d + C(6,0) + DO+ P(9) = 7

where M(0) is inertia, C(6,6) is centrifugal and Coriolis
force, D is friction coefficient, and P(0) is potential.

e When we have the estimates of these parameters, then a
control input

= M(0)v+ C(6,0) + DO+ P(0)
where
v="0g+ ko(0g—0) + k1(64 — 0)

will linearize and stabilize the trajectory 0 = 6,.



Robot Dynamics 39

e If the parameters are exactly known then substituting 7= in
the dynamical equation yields

€ + koe + k1e =0
where e =60, — 0.

e [ his control scheme is called inverse dynamics or resolved

motion acceleration control. (J Luh, M Walker, R Paul,
1980)



